Abstract. We consider a fractional Laplacian defined in bounded domains by the eigendecomposition of the integer-order Laplacian, and demonstrate how to compute very accurately (using the spectral element method) the eigenspectrum and corresponding eigenfunctions in twodimensional prototype complex-geometry domains. We then employ these eigenfunctions as trial and test bases to first solve the fractional diffusion equation, and subsequently to simulate two-phase flow based on the Navier-Stokes equations combined with a fractional Allen-Cahn mass-preserving model. A key point to the effectiveness of an exponential convergence of this approach is the use of a weighted Gram-Schmidt orthonormalization of the eigenfunctions that guarantees accurate projection and recovery of spectral accuracy for smooth solutions. We demonstrate that even when only part of the eigenspectrum is computed accurately we can still obtain exponential convergence if we employ the complete set of the eigenvectors of the discrete Laplacian. Accuracy is also verified by computing the eigenfunctions on square, disk, and L-shaped domains and obtaining numerical solutions of the fractional diffusion equation for different fractional orders. This is accomplished without the need of solving any linear systems as the eigenfunction decomposition leads naturally to a system of ODEs, and hence no spatial discretization is employed during time stepping. In the second application of the method, we replace the integer-order Laplacian in the Allen-Cahn model with its fractional counterpart and a similar procedure is followed. However, for the Navier-Stokes equations we need to solve a linear system, which we invert using an efficient ADI scheme. We demonstrate the effectiveness of the fractional Navier-Stokes/Allen-Cahn solver for the rising bubble problem in a square domain, and compare the results with the integer-order system and also with results by a different treatment of the fractional diffusion model using one-dimensional fractional derivatives. The present model yields sharper interface thickness compared to the integer-order model for the same resolution while it preserves the isotropic diffusion, and hence it is a good candidate for phase-field modeling of multiphase fluid flows.
1. Introduction. In the past two decades, fractional calculus has gained considerable popularity, mainly due to its potential application in numerous diverse fields, including control theory, biology, electrochemical processes, viscoelastic materials, polymers, finance, etc; see, e.g., [1, 2, 4, 5, 6, 18, 22, 26, 27, 30, 31, 32] and the references therein. In particular, fractional diffusion equations have been used to describe anomalous diffusion of particle spreading. Such anomalous behavior can be represented by Lévy processes whose sample paths can be continuous, continuous with occasional discontinuities, or purely discontinuous. They appear in physics and biology and are also used in modeling finance, option pricing, and other financial instruments. Fractional differential equations have been the focus of many theoretical and numerical studies.
In this paper, we address two open questions in fractional PDEs.
• How to compute efficiently the numerical fractional Laplacian in multidimensions with focus on two-dimensional complex-geometry domains [8, 14] .
• How to obtain exponential convergence for smooth solutions in two dimensions. Considering the entire space R n , the fractional Laplacian (−∆) s with 0 < s < 1 can be defined in many different but equivalent ways; see, for example, [9, 19, 28, 36, 39] . In this paper, we consider bounded domains, where defining and computing the fractional Laplacian is not well studied. In contrast to the case of the (standard, integer-order) Laplacian operator, where Dirichlet and Neumann boundary conditions are well understood and have simple interpretations at the particle or probabilistic level, physical or probabilistically motivated interpretations of the fractional Laplacian operator on bounded domains are not well established [11, 44] . The different representations of the fractional Laplacian may lead to different operators when restricted to a bounded domain, and this poses challenges for numerical methods, which naturally require truncation of the operator to a bounded domain. In the present work, we adopt the spectral decomposition approach to define fractional powers of such an operator through classical spectral theory [15] on a bounded domain Ω ⊂ R n . Let (λ i , φ i ) ∞ i=1 be the eigenpairs of the Laplacian operator −∆, (1.1) − ∆φ i = λ i φ i , subject to appropriate boundary conditions, which ensure that all the λ i 's are nonnegative and that {φ i } is a complete orthonormal basis. Then, if u has the expansion u(x) = ∞ i=1 c i φ i (x), we formally define [19, 24] (1.2) (−∆)
Specifically, here we focus on eigenvalue problems on complex-geometry domains under Dirichlet and Neumann boundary conditions. We use the spectral/spectral element method [7, 10, 13, 23, 25, 33] for solving the integer-order eigenvalue problem. The numerical results in Appendix A show that the spectral element discrete Laplacian operator (matrix) is an efficient method for approximating the Laplacian operator. After we obtain the numerical eigenpairs of the eigenvalue problem on complex-geometry domains, we can compute the fractional Laplace based on the eigenvalue decomposition [24, 41] on these domains. Based on this construction, we then obtain numerical solutions of the fractional diffusion equation and the fractional Navier-Stokes/phase-field equations with the new fractional Laplace operator.
The rest of this paper in organized as follows. In section 2, we present the spectral element method for solving the eigenvalue problem on prototype complex-geometry domains. The fractional Laplace operator is defined in section 3. To demonstrate the use of the approximated fractional Laplacian for real applications, we introduce a fractional Navier-Stokes/phase-field equations system and present numerical results for the rising bubble problem. We provide a short summary in section 4. In Appendix A, we show the numerical eigenpairs of the problem with different boundary conditions and demonstrate that the spectral element discrete eigenvalue decomposition is an efficient method to approximate the Laplacian operator. In Appendix B, we present a comparison of the present numerical results with a previous less accurate approximation of the fractional Laplacian.
Eigenvalues and eigenfunctions of Laplace operator. We consider the following eigenvalue problem (EVP) for the Laplacian operator:
− ∆u − λu = 0, x ∈ Ω, (2.1) u ∂Ω = 0, or ∂u ∂n ∂Ω = 0, or periodic boundary conditions, (2.2) where Ω ∈ R 2 is a bounded domain. The spectral element method (SEM) is used for solving (2.1)-(2.2). Then, (2.1)-(2.2) can be written in the discretized form
where N represents the number of the degrees of freedom (DoF) of the linear system (2.3) for the given number of elements El and the polynomial degree N in each element.
A N is the corresponding matrix of the Laplacian operator under certain boundary conditions, M N is the mass matrix, and U is the numerical solution of u. Now the continuous EVP is approximated by the numerical solution of the eigenpairs (λ i , φ i )
In Appendix A, we present the numerical results of the EVP (one and two dimensions) with different boundary conditions. The numerical results show that even though the numerical eigenvalues of high frequency are not correct [43] , we still obtain exponential convergence for smooth solutions represented in the complete eigenfunction space.
2.1. SEM on square and L-shaped domains. In this subsection, we solve the EVP (2.1)-(2.2) with SEM on the unit square domain Ω = (−1, 1)
2 and the L-shaped domain Ω = (−1, 1)
The domain is divided into El nonoverlapping subdomains Ω l , l = 1, . . . , El, and Ω = El l=1 Ω l (see Figure 1 ). Let N be a nonnegative integer, and let P N (Ω) = {p(x)|p(x)| x∈Ω l ∈ P N (Ω l ), 1 ≤ l ≤ El}, where P N (Ω l ) is the set of all polynomials of degree less than or equal to N defined in Ω l .
We consider the problem (2.1) subject to homogeneous Dirichlet boundary conditions. Now, let S N (Ω) = P N (Ω) ∩ H 1 0 (Ω). Then we want to find u N ∈ S N and real number λ such that, ∀v ∈ S N we have
We will employ spectral element discretization to compute the above formula (2.4) . To this end, we introduce the affine mapping
whereΩ stands for the reference square (−1, 1)
Let (ξ i , η j ), i, j = 0, . . . , N , are the Gauss-Lobatto-Legendre (GLL) points in the reference domainΩ, then the corresponding GLL points in Ω l , denoted by ξ
. . , N , be the weights of onedimensional (1D) GLL quadrature in (−1, 1), then the GLL quadrature weights in Ω l are given by ω
where h l 1 , h l 2 are the length of the rectangle Ω l in the x and y directions, respectively, i.e., h
Now we consider the spectral element discretization problem as follows: find
where for all piecewise continuous functions φ and ψ,
Let {L 
By choosing the test functions v to be the Lagrangian basis functions for S N and expressing u N in terms of these bases, we deduce from problem (2.8) a linear system (2.3). The spectral element stiffness matrix is defined as
, and the mass matrix is defined as
It is clear that A N and M N are N × N symmetric positive definite and M N is a diagonal matrix. In fact, it has been shown [7, 10] that the mass matrix of the standard spectral/spectral element method is always diagonal. 2.2. SEM on the unit disk domain. In this subsection, we propose an extension of SEM for solving (2.1) on the unit disk domain Ω = {(x, y)|x 2 + y 2 < 1}. In order to apply SEM in this case, we have to first transform the disk to a square domain (see Figure 2) . Instead of introducing polar coordinates, we prefer (for accuracy reasons) the mapping of Gordon and Hall [20, 21, 23] , who developed a fairly simple procedure for mapping a square (ξ, η) ∈ S = (−1, 1)
2 into a quadrilateral with curved boundaries.
The mapping from disk to square is given as follows:
and from square to disk the mapping is
The corresponding Jacobian matrix and determinant are computed from the above mappings:
Now, we are able to apply the spectral method for the transformed equation (2.1) in (ξ, η) coordinates. Let us consider the problem with homogeneous Dirichlet boundary conditions. We denote by P N (S) the set of all polynomials of degree less than or equal to N defined in S. For a function v(x, y) defined in the unit disk, we denotẽ
We then find u N such that forũ N ∈ S N , and real number λ, ∀ṽ ∈ S N we have (2.15)
where ξ x , η x , ξ y , η y can be derived from the mappings (2.13) and (2.14):
Remark 2.1. We know thatũ N (ξ(x, y), η(x, y)) is a polynomial in (ξ, η) coordinates. However, u N (x, y) =ũ N (ξ(x, y), η(x, y)) will no longer be a polynomial in coordinates (x, y) as usual. This means that u(x, y) is approximated with a fractional polynomial u N (x, y) in (x, y) coordinates. This method is similar to the triangle SEM developed in [13, 25] . Here, we use Legendre polynomials as the basic of the polynomial space S N . Finally, we obtain the discretization form with Gauss quadrature in the (ξ, η) coordinates. The discretization formula can still be written as in (2.3).
3. Fractional Laplace operator. In this section we will show how to compute the fractional Laplace based on the eigenvalue decomposition. Then, we will present numerical solutions of the fractional diffusion equation and the fractional NavierStokes/phase-field equations with the new fractional Laplace operator.
Usually, the numerical eigenfunctions associated with a repeated eigenvalue are not perfectly orthogonal with each other, which causes a loss of accuracy if we want to approximate a function with this set of eigenfunctions as trial basis. To deal with this problem, we introduce a weighted Gram-Schmidt (W-GS) method to orthogonalize the numerical eigenfunctions {φ 1 , φ 2 , . . . φ N } of the Laplace operator, and we denote the new basis as {φ 1 ,φ 2 , . . .φ N }. Then we expand the solution with the new orthogonalized basis. We will see that there is a significant improvement in accuracy with W-GS as reflected in the numerical results below.
Remark 3.1. The W-GS process is employed here to orthonormalize a set of vectors {φ i } in an inner product space with a weight vector w, such that
where δ ij is the Kronecker delta and (v 1 , v 2 ) w = n k=1 v 1,k v 2,k w k with v 1 , v 2 ndimensional vectors and the weight w = diag(M N ) for our numerical computation. Here M N is the diagonal mass matrix from the spectral element discretization as demonstrated in section 2.
Fractional diffusion equation.
We now consider the fractional diffusion equation
where Ω is a two-dimensional (2D) bounded domain, which can be any shape discussed in section 2. Set u(x, t) = ∞ n=0 ∞ m=0 c m,n (t)φ m,n , where φ m,n are the orthogonal eigenfunctions of the Laplace operator with the same boundary conditions as in (3.2) and λ m,n are the corresponding eigenvalues. Then from (3.2) we have
By the orthogonality of the eigenfunctions we obtain
Solving the above equations with initial conditions c m,n (0) gives
where c m,n (0) = Ω u 0 (x)φ m,n dx. Thus we obtain the analytic solution of (3.2)
Using the numerical eigenpairs (λ i , φ i ) of the Laplace operator −∆ from the SEM solution obtained in section 2, we can approximate the fractional Laplace operator as
where c i = (φ i , u) N , and N is the number of the eigenpairs (i.e., DoF). Then, we get the approximate solution (Ap) of (3.2) as follows:
where c i (0) = (u 0 , φ i ) N . In our calculation, the eigenfunctions {φ i } are replaced by their orthogonalized counterparts {φ i } via the W-GS method. Figure 3 shows the L 2 -errors of the numerical solution to diffusion equation (3.2) on the unit square domain Ω = (−1, 1) 2 under Dirichlet boundary conditions. The numerical solution u N (x, t) is given by (3.7) with different polynomial degree N ; here µ = 1, El = 1, t = 0.2, and the initial condition is given by u 0 (x) = 10(x − x 3 ) sin (πx) sin (πy). The analytical solution is given by (3.5) with m = n truncated after 32. The approximation (3.7) is exact in time, so all of the error in this scheme is associated with the spatial discretization. The lower bound of the error also depends on the truncation error of the analytical solution.
Similarly, Figure 4 shows the L 2 -errors for solutions to the diffusion equation (3.2) on the unit square domain Ω = (−1, 1) 2 under periodic boundary conditions. The numerical solution u N (x, t) is given by (3.7) with different polynomial degree N ; here µ = 0.5, El = 4, t = 0.1, and the initial condition is given by u 0 (x) = 16 (2−sin (πx))(5−sin (2πy)) . The analytical solution is given by (3.5) with m = n truncated after 48. The approximation (3.7) is exact in time.
Finally, Figure 5 shows the L 2 -errors of solutions to the diffusion equation (3.2) on the unit disk domain Ω = {(x, y)|x 2 + y 2 < 1} under Dirichlet boundary conditions. The numerical solution u N (x, t) is given by (3.7) with different polynomial degree N ; here µ = 1, El = 1, t = 0.1, and the initial condition is given by u 0 (x) = (e − e To summarize these tests, we conclude that the W-GS orthogonalization significantly improved the accuracy of the numerical solutions. 
3.2.
A new formulation of the fractional phase-field equation system. Previously, we have derived a new fractional phase-field equation from the fractional mixing energy [38] . The fractional Laplace operator was defined by combining the Caputo and Riemann-Liouville derivatives, leading to a system that admits the energy law. The advantage of the fractional model is that it can yield sharper interfaces than the standard (integer-order) phase-field model without increasing the resolution. In this subsection we introduce the new fractional Laplace operator (3.6) into the fractional Allen-Cahn equation.
3.2.1. Fractional phase-field equation system. We consider a low density ratio mixture of two immiscible and incompressible fluids with densities ρ 1 , ρ 2 and viscosities µ 1 , µ 2 . The fractional phase-field system is given by
where φ is a phase-field function which identifies the regions occupied by the two fluids, such that
with the smooth transition layer of thickness η connecting the two fluids; the interface of the mixture can be described by Γ t = {x : φ(x, t) = 0}, and ξ(t) = 1 |Ω| Ω f (φ)dx is a nonlocal Lagrange multiplier to ensure that the mass is conserved. Let F (φ) = 1 4η 2 (φ 2 − 1) 2 be the Ginzburg-Landau double-well potential, and f (φ) = F (φ). In the momentum equation (3.10) , where D(u) = ∇u+∇u T , λ is the mixing energy density, and g(ρ) is an additional gravitational force to account for the density difference.
To be specific, we consider the homogeneous Dirichlet boundary conditions for u:
and homogeneous Neumann boundary conditions for φ:
The above fractional Laplacian is defined by
where (λ i , φ i ) are the eigenpairs of the Laplace operator −∆ with homogeneous Neumann boundary condition. {φ i } forms a complete set of orthonormal eigenfunctions, andv i is the spectrum of v in the φ i -expansion, i.e.,
A proof of the energy law.
We give a proof of the energy law of our new phase-field system (3.8)-(3.11). First it is readily seen from (3.15) that, for all functions u, v ∈ H s (Ω), it holds
We denote the norm · s by
The energy law of the new Allen-Cahn phase-field model is then given in the following theorem.
Theorem 3.1. If u, φ, and ξ are solutions of (3.8)-(3.10)-(3.11) subject to suitable boundary condition, then
where φ s is defined in (3.16).
Proof. Taking the inner product of (3.8) with λ(−(−∆)
For the terms on the left-hand side, we have the following basic facts:
Bringing all these into (3.19), we get
Next, taking the inner product of (3.10) with u, and using the boundary conditions for u, we get
Taking into account the fact that
and
.
Finally, we derive from (3.17)
Bringing (3.24) into (3.23) gives (3.18).
3.2.3. Time discretization scheme for the phase field in two dimensions. We reformulate the system (3.8)-(3.11) into an equivalent form, which is more convenient for numerical approximation. Using the phase-field equation (3.8) , and the fact that ξ(t)∇φ = ∇(ξ(t)φ), we have
Therefore, if we define the modified pressure as Π = p − λξ(t)φ, we can rewrite the system (3.8)-(3.11) as
Then, let L be the number of time steps to integrate up to final time T , with ∆t = T /L. We denote by superscripts the time levels and set initial conditions φ 0 = φ(x, 0),
. (Alternatively, we can simulate the first time step with a first-order scheme.) We look for solutions of (φ n+1 , u n+1 , Π
2 ) for n = 0, . . . , L − 1. We introduce the following notation for convenience:
• Phase field:
with boundary conditions defined in (3.14). Here,
is an extra stability term, which was introduced in [16] for the integer-order case. If the parameter S satisfies S ≥ l 2 4η 2 , then the above scheme is unconditionally stable, where l is the upper bound of |f (φ)| with F (φ) modified as [35, (4.9) ].
• Velocity:
• Pressure correction:
where χ ∈ [0, 1] is a user-defined coefficient; the choice χ = 0 yields the standard form of the algorithm, whereas χ = 1 yields the rotational form [42] . In order to solve the incompressible Navier-Stokes equations, we will employ the spectral direction splitting method [12] based on pressure stabilization. The velocity is represented as Legendre expansions of order N whereas the pressure is represented as a Legendre expansion of order N −2. 2 with µ = 1. We also set the forcing term of the phase-field equation equal to the one derived from the exact solutions corresponding to s = 1 such that the exact solutions of phase field φ, density ρ, velocity u, and pressure p are given by φ(x, t) = sin(t) cos(πx) cos(πy), ρ(x, t) = φ + 2, u(x, t) = πsin(t) sin(2πy) sin 2 (πx), − sin(2πx) sin 2 (πy) , p(x, t) = sin(t) cos(πx) sin(πy), and the densities of the two fluids are ρ 1 = 3, ρ 2 = 1, while the viscosities are µ 1 = µ 2 = 1. Here we employ the fixed parameter χ = 0.5. We used 65 2 GLL points so the spatial discretization errors are negligible compared with the time discretization error. This corresponds to N = 65 2 eigenfunctions computed as shown in Appendix A for the fractional phase-field equation under Neumann boundary conditions. In Figure 6 we see that the solutions of the fractional phase-field model are approaching the integerorder phase-field solutions with linear convergence with respect to the parameter (1 − s) at time T = 1.0.
Next, we add the gravity term in the Navier-Stokes equation to conduct numerical simulations of a rising bubble for a low density ratio case. We also want to compare the new results with our previous fractional Laplacian model. In this case all four boundaries are walls with a no-slip flow velocity as boundary condition. The densities are ρ 1 = 0.5, ρ 2 = 3ρ 1 , and the viscosities are µ 1 = µ 2 = 0.1, g = 10, λ = 0.1, γ = 1, ∆t = 10 −3 , T = 1.8, η = 0.04, El = 1, N = 256, while the external body force g is the buoyancy force. This corresponds to 257 2 eigenfunctions computed as shown in Appendix A for Neumann boundary conditions. Initially the bubble is described by φ(x, 0) = tanh(
. It starts as a circular bubble near the bottom of the domain and then it rises as shown in Figure 7 . Specifically, Figure 7 shows the bubble rising for fractional orders s = 0.75, 0.85, 0.90, 1.00. The interface between the bubble and the background fluid (solvent) is sharper for smaller fractional order, but we also observe that the rising speed has a weak dependence on the fractional order. However, the previous model (PM) [38] had a much stronger dependence on the fractional order s resulting in changes of the rising speed but also of the shape of the bubble (See Figure 7(g) ). Figures 7(a), (b), (d) , and (f) show that our new model does not affect the shape of the bubble and only yields sharper interfaces. In addition, Figure 8 shows the profiles (a) y = 1. (a) y = 1. of the phase-field at time T = 1.8. We can see that the phase-field profiles along the horizontal direction at y = 1 (upper wall) are similar for different fractional orders. Moreover, our new model can overcome the erroneous boundary layer, which is an artifact of the previous nonlocal fractional Laplace operator (see Figures 9 and 10 ). This is avoided with the new model because from the definition of the new fractional Laplace we always satisfy the homogeneous Neumann boundary n · ∇φ| ∂Ω = 0 for all fractional orders s. Figure 10 shows the profiles comparison of the phase field with different models at T = 1.8 and s = 0.75.
Summary.
Fractional calculus has provided us with a new powerful approach for modeling nonlocal phenomena in space time but significant new progress is required to properly formulate the basic elements of multidimensional vector fractional calculus. A fundamental such issue is the definition and numerical approximation of the fractional Laplacian in more than one dimension, with multiple definitions currently in the literature, which unfortunately do not seem to be equivalent on bounded domains. In the current work, we adopted a natural definition through the eigenfunction decomposition, also used in previous works by Liu and collaborators [24, 41] .
In numerical computations, the success of this definition is determined largely by our ability to compute very accurately the eigenfunctions of the integer-order Lapla- (a) y = 1. cian on complex geometry domains. This can be accomplished by the SEM and h-p refinement for nonsmooth domains, as we demonstrated here, but there is an additional issue, which we encounter also for the eigenfunctions of the singular Sturm-Liouville problem even when we obtain them analytically, namely, the loss of orthogonality as the number of eigenfunctions increases. Hence, simply computing these eigenfunctions and employing them in a Galerkin projection (as Liu and collaborators have done in the past) would lead to a severe loss of accuracy, especially for realistic applications in nontrivial domains where high numerical resolution is required. To this end, we have introduced a W-GS orthonormalization that leads to exponential accuracy in the numerical approximation of (smooth) functions and solutions to fractional PDEs for any order of the fractional Laplacian.
We demonstrated our numerical results on square, disk, and L-shaped domains by computing the solution of fractional diffusion and comparing with analytical solutions wherever possible. In addition to the accuracy, the approach we developed is also efficient as it does not require the solution of any linear systems since the eigenfunction decomposition leads naturally to a system of ODEs, which can be readily solved with standard methods. As a second application of the method, we also considered multiphase flow modeling and fractional energy laws, by replacing the integer-order Laplacian in the Allen-Cahn model with its fractional counterpart and following a similar procedure as in the numerical approximation of the fractional diffusion equation. However, for the Navier-Stokes equations we needed to solve a linear system, which we inverted using an efficient ADI scheme. Specifically, we demonstrated the effectiveness of the fractional Navier-Stokes/Allen-Cahn solver for the rising bubble problem in a square domain, and compared the results with the integer-order system and also with results by a different treatment of the fractional diffusion model using 1D fractional derivatives. The surprising advantage of the fractional Allen-Cahn model is that it yields sharper interfaces compared to the numerical results obtained by the integer-order models for the same resolution while it preserves the isotropic diffusion. To the best of our knowledge, this is the first application of fractional Laplacians to multiphase flows, and it would be interesting to expand such studies in the future to document the modeling advantages of fractional descriptions of diffusion in diverse applications in multidimensions.
Appendix A. Eigenvalue problems. In this appendix, we will present some numerical results to demonstrate that the approximations (3.6) and (3.7) are efficient and highly accurate. Zhang [43] has shown that when using hp methods to approximate eigenvalues of 2m-order elliptic problems, the number of reliable numerical eigenvalues can be estimated in terms of the total number of DoF N in resulting discrete systems. However, we found that in our numerical experiments this estimate is rather optimistic, and the actual number of correctly computed eigenvalues is less.
Here, we present eigenvalues and eigenfunctions computed on different shape domains in 2 dimensions under different boundary conditions. A.1. Numerical results. In this subsection, we first show the accuracy of the eigenvalues in a 1D domain. Then we show the spectral convergence of the approximation (3.6) and (3.7) for given functions.
A.1.1. Numerical accuracy in 1 dimension. We first consider the 1D EVP (2.1) under Neumann boundary conditions. Figure 11 plots the exact eigenvalues and numerical eigenvalues with different polynomial degree N. We observe that only the first few leading eigenvalues are accurate for both spectral method (SM, El = 1) and SEM (SEM, El = 4, 16, 32). In the following numerical examples, we want to demonstrate that every numerical function plays an important role for our approximation scheme (3.7), even though the accuracy of the high frequencies is worsening with index number. We first introduce an incomplete approximation (IAp) as follows:
where c i = (u, φ i ) N . The fractional Laplacian operator is approximated as Then let us consider the Helmholtz equation as follows:
where Ω = [−1, 1] and µ = 1. We test the accuracy for the following three analytic solutions:
with homogeneous Dirichlet boundary conditions u(±1) = 0, and
with homogeneous Neumann boundary conditions u x (±1) = 0. Figure 12 shows that the approximation accuracy can be significantly improved with W-GS. It also shows that every numerical eigenfunction is critical to obtain high accuracy. In particular, exponential convergence is achieved if and only if the approximation (IAp) is complete (i.e., n = N ). Figure 13 shows that the complete approximation can even achieve spectral convergence for a highly oscillatory function. Finally, we test the convergence of (IAp) with the eigenmodes obtain from the spectral element discretization, where the number of DoF N is constant but we change the element number El and polynomial order N . The numerical results in Figure 14 show the same property as the one element case.
A.1.2. Numerical eigenvalues and eigenfunctions on different shaped domains. Here, we will present the numerical eigenvalues and eigenfunctions on different shaped domains under different boundary conditions, and compare the results to the analytic solutions.
If we consider (2.1) on the unit square domain Ω = (−1, 1) 2 under homogeneous Neumann boundary conditions, we have the following analytical solutions for the eigenvalues: Table 1 shows the leading 20 eigenvalues error |λ i − λ m,n | with different polynomial degree N under homogeneous Neumann boundary conditions; here we have set El = 16 for computing the EVP. Next, we show the leading 20 eigenvalues error |λ i − λ m,n | with different polynomial degree N on a unit disk domain under homogeneous Dirichlet boundary conditions in Table 2 ; here we have set El = 1 in the computations. For the sake of comparison, we also list the results presented first in [34] , which were obtained by the Legendre-Galerkin method in polar coordinates. The analytic eigenvalues λ m,n = τ m,n , where τ m,n are the roots of the first kind Bessel functions [40] .
The results in Tables 1 and 2 show that we can obtain spectral convergence under different boundary conditions both on the unit square and the unit disk domains. This implies that SEM is an efficient method for solving EVPs on regular domains. However, we need higher polynomial degree N for improving the accuracy of the higher eigenmodes. Finally, we solve the EVP on the L-shaped domain Ω = (−1, 1)
2 under Dirichlet boundary conditions. Since, the domain is nonsmooth at the corner, the rate of convergence of the solution from the Galerkin method is restricted by the vertex singularities [3] . In order to increase the convergence, we refine geometrically the mesh near the corner as in Figure 15 . The mesh sizes near the singular corner in Figure 15 Here, we do not know the exact solutions of the EVP on the L-shaped domain, however, for the sake of comparison, we list available results from the references [17, 29] in Table 3 . We fix the polynomial degree N = 8 in each element for this computation. We list four cases corresponding to different element number El = 27, 75, 300, 675. The first leading 10 numerical eigenvalues are all accurate up to the ninth significant digit (i.e., all the eigenvalues are within the bounds of references [17, 29] when El = 675). We also list the number of DoF (N ) for each computation.
We plot the first 9 leading eigenfunctions on different shaped domains at the end of this subsubsection. In Figures 16 (a), (b) , (c), and (d), we plot the contours of the numerical eigenfunctions φ i , i = 1, 2, . . . , 9 corresponding to the eigenvalues λ i . We Table 3 The leading 10 eigenvalues λ i with different element number El on the L-shaped domain under homogeneous Dirichlet boundary conditions. The polynomial degree is N = 8 in each element. The third exact eigenpair is known: {λ 3 = 2π 2 , φ 3 (x) = sin (πx) sin (πy)}. normalize the eigenfunctions (φ i , φ i ) N = 1 in each figure. In Figure 16 (b) the first eigenvalue is equal to 0 and the eigenfunction is a constant c = 0.5.
Appendix B.
Comparison of different eigenvalue models. In this appendix, we recall our previous model (PM) of the nonlocal fractional Laplace operator defined by combining the Caputo derivative and Riemann-Liouville derivative. The fractional EVP is given as follows:
the boundary condition is u| ∂Ω = 0, and the fractional Laplace operator is defined as We still use the spectral method for solving the above fractional EVP. The details of the discretization are given in reference [37] . We set the polynomial degree N = 64 for solving problem (B.1). Following the definition of the fractional Laplace in (3.6), we know analytically the eigenvalues of (3.6) under homogeneous Dirichlet boundary conditions, given as λ s m,n = (
s . Table 4 and Figures 17 and 18 show that the eigenvalues of the problem (B.1) are the same as in (3.6) if and only if s = 1, but different for 0 < s < 1. Here, we denote the difference E i,s = |λi,s−λ where (λ i,s ) p i=1 are the numerical solutions of the problem (B.1). This means that the two Laplace operator definitions (B.1) and (3.6) are equivalent for s = 1 but different for 0 < s < 1 on bounded domains.
